Combinatorics on multisets is used to deduce new upper and lower bounds on the number of numerical semigroups of each given genus, significantly improving existing ones. In particular, it is proved that the number ng of numerical semigroups of genus g satisfies 2Fg ng 1 + 3 · 2 g−3 , where Fg denotes the gth Fibonacci number.
Introduction
Let N 0 denote the set of all non-negative integers. A numerical semigroup is a subset Λ of N 0 containing 0, closed under summation and with finite complement in N 0 . The elements in the complement N 0 \Λ are called the gaps of the numerical semigroup and |N 0 \ Λ| is its genus. The largest gap is the Frobenius number of Λ and it is at most two times the genus minus one. If it equals this bound then the numerical semigroup is said to be symmetric.
Some results have been proved related to the number of numerical semigroups of a given Frobenius number [1] and the number of symmetric semigroups of a given Frobenius number (and thus, the number of symmetric semigroups of a given genus) [4, 8] . In this work we address the problem of counting the number of numerical semigroups of a given genus.
We denote by n g the number of numerical semigroups of genus g. It is easy to check that n 0 = 1 and n 1 = 1. The values up to n 16 where computed by Nivaldo Medeiros and Shizuo Kakutani, and the values up to n 50 can be found in [2] . It is proved in [3] that any numerical semigroup can be represented by a unique Dyck path of order given by its genus and thus n g C g where C g denotes the Catalan number, C g = 1 g+1 2g g . It is conjectured in [2] that the sequence (n g ) asymptotically behaves like the Fibonacci sequence. More precisely, n g n g−1 +n g−2 , for g 2; lim g→∞ ng−1+ng−2 ng = 1; lim g→∞ ng ng−1 = φ, where φ is the golden ratio. See [5] for further results in this direction.
Let F i denote the ith Fibonacci number starting by F 0 = 0, F 1 = 1. We prove that 2F g n g 1 + 3 · 2 g−3 .
2 Some Results on Combinatorics Lemma 1. The multisets A g defined recursively by A 2 = {1, 3},
for g > 2 (see Figure 1 ) satisfy, if g 2,
and
Proof. Both results can be proved by induction and are a consequence from the fact that, for i 2,
j=1 F j . This in turn can be proved by induction. Indeed, it is obvious for i = 2. If i > 2, by the induction hypothesis Lemma 2. The multisets B g defined recursively by B 2 = {1, 3},
for g > 2 (see Figure 2 ) satisfy, if g > 2,
Proof. Both results can be proved by induction and are a consequence from the fact that, for i 0,
This in turn can be proved by induction. 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1 
Taking out Generators from a Semigroup
Every numerical semigroup can be generated by a finite set of elements and a minimal set of generators is unique (see for instance [4] ). Given a numerical semigroup Λ of genus g and Frobenius number f , Λ ∪ {f } is a numerical semigroup and its genus is g − 1. So, any numerical semigroup of genus g can be obtained from a numerical semigroup of genus g − 1 by removing one element larger than its Frobenius number. It is easy to check that when removing such an element from a numerical semigroup, the set obtained is a numerical semigroup if and only if the removed element belongs to the set of minimal generators. This gives a recursive procedure to obtain all numerical semigroups of genus g from all numerical semigroups of genus g − 1 by taking out, one by one, each generator that is larger than the Frobenius number for each numerical semigroup.
We can think of a tree whose root corresponds to the numerical semigroup N 0 , each numerical semigroup of genus g is a node at distance g from the root, and the children of a numerical semigroup are the numerical semigroups obtained when removing one by one each of its minimal generators which are larger than its Frobenius number. This construction was already considered in [6, 8, 7] . We depicted this tree in Figure 3 . We wrote < λ i1 , λ i2 , . . . , λ in > to denote the numerical semigroup generated by λ i1 , λ i2 , . . . , λ in . We used boldface letters for the minimal generators that are larger than the Frobenius number. We say that a numerical semigroup is ordinary if it is equal to {0} ∪ {i ∈ N 0 : i c} for some non-negative integer c.
Lemma 3. Let Λ be a non-ordinary numerical semigroup. Suppose that {λ i1 < λ i2 < . . . < λ i k } are the minimal generators of Λ which are larger than the Frobenius number. Then the number of minimal generators of the numerical semigroup Λ \ {λ ij } which are larger than its Frobenius number is
Proof. It is obvious that the number of minimal generators which are larger than the Frobenius number is at least k − j because all elements in Λ \ {λ ij } which are minimal generators in Λ are also minimal generators in Λ \ {λ ij } and the new Frobenius number is λ ij .
The elements in Λ \ {λ ij } which are not minimal generators in Λ and become minimal generators in Λ \ {λ ij } must be of the form λ ij + λ r for some λ r ∈ Λ. Let λ 1 be the smallest non-zero element of Λ. If λ r > λ 1 then λ ij +λ r −λ 1 > λ ij and hence λ ij + λ r = λ 1 + λ s for some λ s ∈ Λ \ {λ ij }, and λ ij + λ r is not a minimal generator of Λ \ {λ ij }. So, the only element that is not a minimal generator of Λ and that may be a minimal generator of Λ \ {λ ij } is λ ij + λ 1 .
Lemma 4. The ordinary semigroup Λ = {0, g + 1, g + 2, . . .} has minimal set of generators {g + 1, g + 2, . . . , 2g + 1} and 1. Λ \ {g + 1} has g + 2 minimal generators larger than its Frobenius number.
2. Λ \ {g + 2} has g minimal generators larger than its Frobenius number.
3. Λ \ {g + r}, with r > 2, has g − r + 1 minimal generators larger than its Frobenius number.
Proof. The first item is obvious. As proved in Lemma 3 the only element that is not a minimal generator of Λ and that may be a minimal generator of Λ \ {λ ij } is λ ij + λ 1 . It is easy to prove that if r = 2 then λ ij + λ 1 is a minimal generator while if r > 2, it is not.
Theorem 5. The number n g of numerical semigroups of genus g satisfies 2F g n g for all g 2 and 2F g n g 1 + 3 · 2 g−3 for all g 3.
Proof. Set A 0 = B 0 = {1}, A 1 = B 1 = {2} and consider A g and B g defined as before for g 2. Consider two trees A and B that respectively have A g and B g as the nodes at distance g from its root, with the element a ∈ A g having a children and the element b ∈ B g having b children. It is then easy to check that, by Lemma 3 and Lemma 4, the tree in Figure 3 contains A as a subtree and is contained in B. Thus, |A g | n g |B g |. Now by Lemma 1 and Lemma 2 it follows the result.
In Table 1 one can compare for g up to 30 the actual values of n g with the bounds given in Theorem 5 and also with the bound given by the Catalan numbers proved in [3] . The values n g are from [2] . g 2F g n g 1 + 3 · 2
